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nested fractal random Schr\"odinger operator Lifschitz tail
([7]) $\circ$ ( 2
Sierpinski gasket -$1_{-}\wedge$ Paluba [6] ) [7]
$pre- nes\{ed$ fractal Anderson model
(Anderson model $Z^{d}$ random potential
$Schrodinge\cdot|_{-}^{\backslash }$ operator ‘ $Z^{d}$ (infinite) pre-nested fractal
o pre-nested fractal pre-Sierpinski
gasket o) Lifschitz tail Kirsch and Martineui [3], Simon
[8] scaling property
$($Fukushima $[1])$ Dirichlet norm (Kusuoka [4]) (
31,3.2)
\S 2 pre-nested fractal random Schr\"odinger operator integrated
density of states $k(\lambda)$ ( 2.1) [2] \S 3
Lifschitz tail $k(\lambda)$ $a$ $\exp[-const.(\lambda-a)^{-d_{*}/2}]$
( 3.1 ) $d$ . nested fractal
( $d_{s}= \log N^{2}/\log\frac{N}{1-c}$ [1] [5] )
setting $R^{D}$ nested fractal $(\Psi, E)$
$\backslash T_{-};=\{\Psi_{0}, \cdots\Psi_{N-1}\}$ $N\supset$ $\alpha$-similitude
$|\Psi;(x)-\Psi_{i}(y)|=\alpha^{-1}|x-y|$ for $x,$ $y\in R^{D},$ $i=0,$ $\cdots N$ $\alpha>1$ $E$ $E=$





$\Psi_{0}(x)=\alpha^{-}$ $F_{0}$ $\Psi_{i}(i=0, \cdots N-1)$ ,
$F=\{e_{1}, \cdots e_{J\prime I}\}\subset F_{0}$ essential fixed point nested fractal
$2\leq M\leq N$ ( 2 Sierpinski gasket $M=N=3$
) $I=\{0, \cdots N-1\},$ $Z_{N}^{+}$ $N$- $p\in Z_{N}^{+},$ $p\neq 0$
$p=p_{h}N^{k}+p_{k-1}N^{h-1}+\cdots+p_{0}$ , $(p_{i}\in I, p_{h}\neq 0)$
$p=p_{k}\cdots p_{0}$ o $ord(p)=k+1(ord(O)=1)$
$p=p_{h}\cdots p_{0}\in Z_{N}^{+},$ $A\subset R^{D}$
$\Phi_{p}=\alpha^{ord(p)}\Psi_{p_{k}}0\Psi_{p_{k-1}}0\cdots 0\Psi_{p_{0}}$ ,
$A_{p}=\Phi_{p}(A)$
$F^{<0>}=F,$ $B^{<0>}=\{(e_{i}, e_{j});e_{i}, e_{j}\in F, i<j\}$
$F^{<n>}=$ $\cup$ $F_{p}$
$ord(p)\leq n$
$B^{<\tau\iota.>}=$ $\cup$ $\{(\Phi_{p}(e_{i}), \Phi_{p}(e_{j}));(e_{i}, e_{j})\in B^{<0>}\}$
$ord(p)\leq n$
$(F^{<n>}, B<n>)$ n-th expanded Pre-
nested fractal $\alpha^{n}F$ $F^{<n>}$
$\theta F^{<n>}$ 0 |
$\ovalbox{\tt\small REJECT}<n>$
$F^{<n>}\backslash \partial F<n>$ infinite pre-nested
fractal $(F<\infty>, B<\infty> )$ $F^{<\infty>}= \bigcup_{n}F<n>B^{<\infty>}=\bigcup_{n}B<n>$
$\pi_{\zeta,\eta}(\xi, \eta\in F, \xi\neq\eta)$ Lindstr\phi m’s invariant probability Y
$F^{<1>}$ random walk $\partial F<1>$ $c$
$f(F^{<n>})$ $F^{<n>}$ $f(F^{<n>})$





$0<C= \inf\{(1-c)^{-n}\mathcal{E}^{<\tau\iota>}(f, f);\max\{|f(x)-f(y)|^{2}; x,y\in F^{<n>}\}=1$
$f\in\ell(F^{<n>})$ , $n=1,2,$ $\cdots$ }
$F^{<n>}$ discrete measure $\mu^{<n>}$
$\mu^{<v\iota>}(\{x\})=\#\{p\in Z_{N}^{+};F_{p}\ni x, ord(p)\leq n\}$ , $x\in F^{<n>}$





$\mathcal{E}^{<n>}(f, g)=(H^{<n>}f,g)$ , $f,$ $g\in\ell^{2}(F^{<n>})$
$H^{<n>}$ $x\in F^{<n>}$
$H^{<n>}f(x)=f(x)-$ $\sum$ $f(y) \frac{\pi_{x,y}\rho(x,y)}{\mu^{<n>}(x)}$
$(x,y)or(y,x)\in B<n>$
$\rho(x, y)=\#\{p\in Z_{N}^{+};ord(p)\leq n, \{x, y\}\subset F_{p}\}$
$(x, y)=(\Phi_{p}(\xi), \Phi_{p}(\eta))\in B<n>(\xi, \eta)\in B^{<0>}$ $\pi_{x)y}=\pi_{\zeta,\eta}$
Lindstr\phi m [5] $F^{<n>}$ $Marko\dot{v}$ chain
$t_{0}^{2}(F^{<n>})=\{f\in f^{2}(F<n>);f(p)=0 p\in 0_{F}<n>\}$
$\mathcal{E}^{<n>}$ $H_{0}^{<n>}$ $F^{<n>}$
$o$
$H_{0}^{<\pi>}f(x)=\{\begin{array}{l}H^{<n>}f(x)0\end{array}$ $x\in\partial F^{<n>}x\in p<n>$
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$V_{\omega}(x)(x\in F^{<\infty>})$ $(\Omega, \Sigma, P)$
$\mathcal{E}_{\langle v}<n>$
$\mathcal{E}_{\omega^{<n>}}(f, g)=\mathcal{E}^{<n>}(f, g)+\int_{F<\mathfrak{n}>}f(x)g(x)V_{d}(x)\mu(dx)$ , $f,$ $g\in f^{2}(F^{<n>})$
$f^{2}(F<n>),$ $f_{0}^{2}(F<n>)$ $\mathcal{E}_{d}<n>$ $H_{\omega^{<n>}}$ ,












$Z_{m,l}=\{p=p_{h}p_{h-1}\cdots p_{0}\in Z_{N}^{+}; ord(p)<m,p_{j}=0, (j<l)\}$
nested fractal
Fact $p,$ $q\in Z_{\gamma\gamma 1},\iota,$ $p\neq q$
$F^{<m>}= \bigcup_{\tau\in Z_{m,l}}(F^{<l>})_{\gamma}$
$(F<l>)_{p}\cap(F^{<l>})_{q}=(\partial F^{<l>})_{p}\cap(\partial F^{<l>})_{q}$
$Z_{m,m-1}=\{i00\cdots 0;i\sim m-2=1,$ $\cdots N-1\}\cup\{0\}$
$P=i0\cdots 0\in Z_{m,m-1}$ $(F<m-1>)_{p},$ $k_{\omega}<m-1>,p(\lambda)$
$F^{<m-1>,i}k_{\omega}<m-1>,i(/\backslash )$
80
2. Integrated Density of States
2.1 $\omega\in\Omega,$ $n$
(1) $0\leq k_{\omega}^{<n>}(\lambda)-k_{0\omega}^{<_{)}n>}(\lambda)\leq M$ ,
(2) $\sum_{i=0}^{N-1}k_{0,\omega}^{<n-1>,i}(\lambda)\leq k_{0,\omega}^{<n>}(\lambda)$ ,
(3) $\sum_{i=0}^{N-1}k_{\omega}^{<n-1>,i}(\lambda)\geq k_{\omega}^{<n>}(\lambda)$ ,
:(1) (2) [7] (3)
$f^{2}\sim=\oplus_{i0}^{\Lambda^{\gamma}}=^{-1<n-1>,i}f^{2}(F)$ $\tilde{\mathcal{E}}$




$\tilde{\mathcal{E}}(u, v)=<\tilde{H}u,$ $v>$ $u,$ $v\in f^{2}\sim$
$H^{<n-1>,0},$ $\cdots H^{<n-1>N-1}$’ (
) $\tilde{H}$ eigenvalue counting function
$\tilde{k}(\lambda)$ $\tilde{k}(\lambda)=\sum_{i=0}k(\lambda)$ $f^{2}(F<n>)$ $f^{2}\sim$ $\iota$ $\iota(u)=$
$(u|_{F}<n-1>,0 , \cdot. . , u|_{F}<\mathfrak{n}-1>,N-1)$ $f^{2}(F<n>)$
$f^{2}\sim$




$\inf\{\tilde{\mathcal{E}}(u, \prime n);<’\iota\iota, u>=1, <u,\tilde{\phi}_{j}>=0, j=0, \cdots m-1\}$
$\leq\inf\{\tilde{\mathcal{E}}(u, u);?1$ . $\in\iota(f^{2}(F^{<n>})), <u, u>=1, <u,\tilde{\phi}_{j}>=0, j=0, \cdots m-1\}$
$\leq\inf\{\mathcal{E}_{\omega^{<n>}}(u, z\iota);u\in f^{2}(F^{<n>}), (u, u)=1, (u, \phi_{j})=0, j=0, \cdots m-1\}$
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min-max principle $\tilde{H}$ $m$- $H_{\omega^{<n>}}$ $m$-
$\tilde{k}(\lambda)\geq k_{\omega}<n>(\lambda)$ I
2.1(2),(3) $n>m$
$\sum_{p\in Z_{\mathfrak{n}_{L}m}}k_{0,\omega}^{<m>,p}(\lambda)\leq k_{0,\omega}^{<n>}(\lambda)\leq k_{\omega}^{<n>}(\lambda)\leq\sum_{p\in Z_{\mathfrak{n}m}},k_{\omega}^{<m>,p}(\lambda)$
$\frac{1}{N^{n-?\}1}}\sum_{p\in Z_{nm}},k_{\#,\omega}^{<m>,p}(\lambda)arrow E[k_{\#,\omega}^{<m>}(\lambda)]$ $a.s$ . as $narrow\infty$





2.1 $\omega\in\Omega$ $R^{1}$ $k(\lambda),$ $\lambda\in R^{1}$
: $\omega\in\Omega$
$k( \lambda)=\lim_{marrow\infty}\frac{k_{\omega}<m>(\lambda)}{\mu^{<m>}(F<m>)}=\lim_{marrow\infty}\frac{k_{0,\omega}^{<m>}(\lambda)}{\mu^{<m>}(F<m>)}$
$k(\lambda)$ ‘ (Dirichlet-Neumann brack-
eting)
$\frac{1}{\mu^{<m>}(F<m>)}E[k_{0,\omega}^{<m>}(\lambda)]\leq k(\lambda)\leq\frac{1}{\mu^{<m>}(F<m>)}E[k_{\omega}^{<m>}(\lambda)]$ for any $m$ ,
$k(\lambda)$ Integrated Density of States (abb. I.D.S.) o
$k(\lambda)\nearrow 1$ as $\lambda\uparrow\infty$
3. Lifschitz Tail
Lifschitz tail $V_{\omega}(O)$ $\nu$






3.1 $H^{<m>}$ $\lambda_{2^{\text{ }}}^{<m>}H_{0}^{<m>}$ $\lambda_{0,1}^{<m>}$
(1) 11 $C>0$ $\lambda_{2}^{<m>}\geq\frac{c}{M}(\frac{1-c}{N})^{m}$







$C \leq\frac{\mu^{<m>}(F^{<m>})}{(1-c)^{m}}\inf\{\frac{\mathcal{E}^{<m>}(f,f)}{(f,f)};\int_{F<m>}fd\mu^{<m>}=0, f\in f^{2}(F^{<m>})\}$
$\lambda_{2}^{<m>}\geq\frac{c}{M}(\frac{1-c}{N})^{m}$
$F^{<m>}$ Lindstr\phi m $F^{(m)}(=\alpha^{-m}F<m>)$
nested fractal Kusuoka [4] $L^{2}(E;d\mu)(d\mu$ $E$
$\log N/\log\alpha$- 11ormalized Hausdorff measure ) Dirichlet form $(\mathcal{E}, D(\mathcal{E}))$
$D(\mathcal{E})\subset C(E;R)$ ([4]) $f(x)=0$ ,
$x\in F$ $f\in D(\mathcal{E})$ $f|_{F\langle m)}\in f_{0}^{2}(p<m>)$ |
$\{(1-c)^{-m}\mathcal{E}<m>(f|_{F(m)}, f|_{F(m)})\}_{m\geq 1}$ $\mathcal{E}(f, f)$
$([4])_{\text{ }}$ \supset
$\lambda_{0,1}^{<m>}\leq\frac{\mathcal{E}^{<m>}(f|_{F(m)},f|_{p\langle m)})}{(f|_{F(m)},f|_{F(m)})}\leq(\frac{1-c}{N})^{m}\frac{\mathcal{E}(f,f)}{N^{-m}(f|_{F\langle m)},f|_{p(m)})}$
$F^{(m)}$ $F^{<m>}$ $d\mu^{<m>}/(MN^{m})$ $d\mu$
$(f|_{F(m)}, f|_{F(m)})/(MN^{m}) arrow\int_{E}f(x)^{2}\mu(dx)$ as $marrow\infty$
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I
$\Leftrightarrow$ expanded nested fractal ([1] Corollary 3.2)
( ) $H_{0,\omega}^{<m>}$ \mbox{\boldmath $\lambda$}0<,
$\epsilon>0$ $\epsilon_{m}=(\frac{1-c}{N})^{m}\epsilon$ 31






$\geq\frac{1}{\mu^{<m>}(F<m>)}P$ ( $V_{\omega}(x)\leq\epsilon_{m}$ for $x\in F^{<m>}$ )
$V_{\omega}(O)$
$\geq\frac{1}{\mu^{<m>}(\Gamma^{;<m>})}\{\gamma(\epsilon_{m}^{5})\}\#^{p<m>}$
$b>0,$ $d\geq 0$ $\# F<m>=bN^{m}+d$
\ $\mu^{<m>}(F^{<m>})=MN^{m}$
$N^{-?\uparrow\backslash } \leq(\frac{\lambda}{a+\epsilon})^{d_{f}/2}<N^{-(m-1)}$ $(d_{*}= \log N^{2}/\log\frac{N}{1-c})$
$k( \lambda)\geq\frac{N}{M}(\frac{\lambda}{a+\epsilon})^{d./2}[\gamma\{\frac{1-c}{N}\frac{\lambda\epsilon}{a+\epsilon}\}^{5}]^{bN(\frac{\lambda}{a+})^{-d./2}+d}$ I
11
[7] Lemmma (4.8) o
32 $H_{\omega^{<m>}}$ $\lambda_{\omega,1}^{<m>}$ $L>0$ $\epsilon\geq\frac{c}{L}(1-$
$c)^{m}$ \supset $\int_{1^{\{}}\neg<m>V_{\omega}(x)\mu^{<m>}(dx)\geq L$ $\lambda_{\omega,1}^{<m>}\geq\frac{c}{M(1+\epsilon)}(\frac{1-c}{N})^{m_{\circ}}$
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( $-$ ) $\epsilon>0$ $h_{0}=P(V_{\omega}(O)\geq\epsilon)>0$
$\gamma_{m}=\Vert(F^{<7n>})$ | $\#\{x\in F^{<m>} ; V_{\omega}(x)\geq\epsilon\}\geq\frac{h_{0}\gamma_{m}}{2}$
$\int_{F<m>}V_{\omega}(y)\mu^{<m>}(dy)\geq\epsilon h_{0}\gamma_{m}/2\circ$ $n$ $\epsilon_{n}=\frac{2C}{\epsilon h_{0}\gamma_{\mathfrak{n}}}(1-c)^{n}$ $m\geq n$







$\leq\frac{1}{\mu^{<m>}(F<m>)}P$ ( $\#\{x\in F^{<m>};$ V., $(x) \geq\epsilon\}<\frac{h_{0}\gamma_{m}}{2}$ )
$h_{\omega}(x)=1$ (if $V_{\omega}(x)\geq\epsilon$ ) $,$ $=0$ (if $V_{\omega}(x)<\epsilon$)




$F(C)=F’(0)=0,$ $F”(y) \leq\frac{1}{4}$ $F(y) \leq\frac{1}{8}y^{2}$
$k( \lambda)\leq\frac{1}{\prime^{p.<m>}(F<m>)}e^{-\frac{h_{0}}{2}\gamma_{m}y}\exp[\gamma_{m}\frac{1}{8}y^{2}]$
$y=2h_{0}$
$k( \lambda)\leq\frac{1\backslash r}{Jl}(\frac{M(1+\epsilon_{n})}{C}\lambda)^{d./2}\exp[-\frac{1}{2}h_{0}^{2}\{\frac{b}{N}(\frac{M(1+\epsilon_{n})}{C}\lambda)^{-d./2}+d\}]$ I
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